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Numerical Simulation of Distributed Combustion
in Solid Rocket Motors with Metalized Propellant

Jayant S. Sabnis¤

Pratt and Whitney, United Technologies Corporation, East Hartford, Connecticut 06108

An Eulerian–Lagrangian two-phase approach suitable for the numerical simulation of the multiphase reacting
internal � ow in a solid rocket motor with a metalized propellant is discussed. An Eulerian description has been
used to analyze the motion of the continuous phase that includes the gas as well as the small (micrometer-sized)
particulates, while a Lagrangiandescription is used for the analysis of the discrete phase that consists of the larger
particulates in the motor chamber. An empirical model is used to compute the combustion rate for agglomerates,
whereas the continuous-phasechemistry is treated using chemical equilibrium.A computercode incorporating this
analysiswas used to simulatethe reacting � owina solid rocket motorwith an ammoniumperchlorate (AP)/hydroxyl
terminatedpolybutadiene(HTPB)/aluminum(Al)propellant.The computedresults indicate that the relatively slow
combustion rate of aluminum droplets can result in an extended combustion zone in the chamber rather than a
thin reaction region. The presence of the extended combustion zone results in the chamber � ow� eld being far from
isothermal and the chemical composition being far from uniform, as would be predicted by a surface combustion
assumption.The temperature in the chamber increases from about2600K at the propellant surface to about3550 K
in the core. Similarly the chemical compositionand the density of the propellantgas also show spatiallynonuniform
distribution in the chamber. The analysis discussed provides a more sophisticated tool for solid rocket internal � ow
predictions than is presently availableand can be useful in studying apparent anomalies and improving the simple
correlations currently in use.

Nomenclature
CD = drag coef� cient
F = total force acting on the particle
FD = drag force per unit volume acting

on the continuous phase
h = enthalpy
[J ] = Jacobian matrix of coordinate transformation
m = mass
mv = rate of mass addition per unit volume

to the continuous phase
Nu = Nusselt number
Pr = Prandlt number
p = pressure
q = heat � ux vector in the continuous phase
qv = rate of interphase heat transfer to the continuous phase
Re = Reynolds number
St = Stokes number
T = temperature
t = time
U = velocity
w = rate of production per unit volume

due to chemical reaction
xi = components of position vector in physical space
Y = elemental mass fraction
Y S = species mass fraction
y j = components of position vector in coordinate space
® = void fraction
®ki = mass fraction of element k in species i
· = thermal conductivity
¹ = viscosity
½ = density
¿ = stress tensor
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8 = viscous dissipation

Subscripts

i = species i
k = element k
p = discrete phase
R = relative

Introduction

S IMULATION of the internal � ow in solid propellantrocketmo-
tors has been the subjectof severalpreviousresearchstudiesdue

to the impact of the � ow� eld on motor performance and reliability.
An understandingof the internal � ow is vital to the design of the in-
sulation, improvement of the combustion stability, minimization of
the slag accumulation,etc. Previouslyused predictivetechniquesin-
clude potential � ow analysescoupled with iterative boundary-layer
corrections, as well as the rotational � ow analysis of Culick.1 Nu-
mericalsolutionof ensemble-averagedNavier–Stokes equationshas
beenutilizedby severalresearchersrecentlyin viewof thegenerality
of this approach and the recent advances in numerical techniquesas
well as the digital computers.Multidimensionalnumerical analyses
havebeen developedto simulate single-phase,nonreacting� ow (for
example, Sabnis et al.2 and Chang3/ as well as two-phasenonreact-
ing � ow (forexample,Madabhushiet al.4 and GolafshaniandLoh5/.
However, predictive capabilities for simulation of the solid rocket
internal � ow including the distributed combustion are limited.

In modeling the combustion in solid rocketmotors, one must con-
sider the effect of metals used in the propellant formulation on the
combustionprocess.Metals are used in solid propellantscommonly
to increase speci� c impulse because they burn with high tempera-
tures without any adverse effects on the detonation characteristics
of the propellant.The physicsof metal combustion,however, is very
different from that of other propellant ingredients.Hence, the com-
bustion characteristicsof metalized propellants can be signi� cantly
different. Several different metals have been considered and used
in solid propellants with aluminum being extensively used in mass
fractions of 12–22% (Ref. 6). Although the modeling approach is
discussedhere for aluminizedpropellants,it is quite generaland can
be applied to other metalized propellants.
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During the combustion of aluminized propellant, the aluminum
particles in the propellant melt and form liquid aluminum at the
burning propellant surface. Because of the physical properties of
aluminum and its oxide, a large fraction of aluminum remains un-
reacted and in liquid state at the burning propellant surface. Sev-
eral liquid droplets coalesce into large “agglomerates”(often on the
order of 100–200 ¹m). These agglomorates leave the propellant
surface and continue to burn relatively slowly due to low volatil-
ity of aluminum as they traverse the motor chamber. The vaporized
aluminumreactswith the oxidizingspecies in the gas phase forming
aluminum oxide. Whereas most of this aluminum oxide “smoke”
diffuses outward into the � ow� eld, a part is captured on the agglo-
morate surface and condenses to form an oxide shell. The formation
of aluminum oxide shell on the surface of the droplet further con-
tributes to the “slowness”of aluminumcombustion.By comparison,
the reaction rate for the remaining propellant constituents is rapid
and it is generally accepted (for example, Price6/ that the combus-
tion of aluminum droplets in the motor chamber is diffusion con-
trolled (or, to be more precise, mass transfer controlled). Note that
the gaseous-phase� ow� eld would in generalbe chemicallyreacting
and that its compositionwould change due to changes in thermody-
namic state, as well as the combustion of the unburned aluminum.
The physics of aluminum combustion also results in a bimodal dis-
tributionof aluminum oxide representingthe smoke and the “caps,”
which are on the order 1.5 and 100 ¹m in size, respectively. To
model this � ow� eld, the analysismust include capability to account
for multiplephases,as well as effectsof all of the chemicalreactions.

Computational techniquesused in simulation of two-phase � ows
can be broadly categorized into two approaches, namely, the
Eulerian–Eulerian analysis and the Eulerian–Lagrangian analysis.
Both techniques involve computing the continuous phase using an
Eulerian analysis. The in� uence of the discrete phase (either solid
particlesor liquiddroplets)on the continuousphase is accountedfor
by inclusionof interphasecoupling terms in the Eulerian equations,
which in the absence of these terms would be the usual Navier–
Stokes equations. The discrete phase, on the other hand, may be
treated with either a continuum or a discrete model. The Eulerian–
Eulerian technique uses a continuum model for the discrete phase
and is commonly termed the two-� uid model.This approachmodels
a dense granular bed very conveniently, and this undoubtedly ac-
counts for its popularity in modeling gun interior ballistics, where
large particle loading ratios occur over most of the cycle (for ex-
ample, Gough7 and Gibeling et al.8/. The Eulerian–Lagrangian ap-
proach employs a Lagrangian description to analyze the motion of
the discrete phase, using computational “particles” to represent a
collection of physical particles (or droplets). Newton’s law of mo-
tion is employed to simulate the particlemotion under the in� uence
of the local environment produced by the continuous phase. The
discrete-phaseattributes (such as the position and velocity vectors,
size, temperature, composition, etc.) are updated along the trajec-
tories. Because the particulate size and composition are attributes
assigned to the computational particles, it is easy to account for
changes in particle size and composition due to combustion, etc.

In simulation of solid rocket internal � ows, it is necessary to
account for the fact that the burning aluminum droplets (which con-
stitute the discrete phase) are not monodispersedand, furthermore,
that the chemical composition of all of the droplets is not the same.
To accomplish this in the Eulerian–Eulerian methodology, the two-
� uid model can be generalized into a multi� uid model. However,
the CPU time requirementsincreaserapidly with increasingnumber
of particle size classes because an extra � uid has to be added for
every particle class (representing particles with similar size, com-
position, etc.), thereby increasing the number of partial differential
equations.The CPU time increaseis particularlydramatic if implicit
schemes are retained in view of their improved stability bounds and
ef� ciency with multiple length scales. With the Eulerian–Eulerian
methodology, the numerical dissipationand dispersion effect could
be a major problem in the discrete phase, where it might be neces-
sary to retain sharp inter-phase boundaries. Also, it seems evident
from existingexperimentalwork that the use of an effective particle
Schmidt number dependingonly on local conditions,such as is cur-

rently done in the two-� uid model, would be erroneous for larger
particles.

The Eulerian–Lagrangian analysis treats the particle size and
composition as one of the attributes assigned to computationalpar-
ticles and, hence, can easily account for changes in particle size and
composition due to combustion, etc., and more economically than
would be possiblewith an Eulerian–Euleriananalysis.Furthermore,
this approach involves integrationof ordinarydifferentialequations
(ODE) for the discrete phase and, hence, is numerically ef� cient in
addition to eliminating the numerical dissipation.The deterministic
nature of the particle dynamics allows the incorporation of models
for turbulent dispersion, agglomeration, collision, etc. Note that it
should,in principle,be possibleto includeelementsof thephysicsof
the Lagrangian particle description in the two-� uid model, and this
might be a necessary development to adequately describe certain
two-phase � ows using a two-� uid model.

In Eulerian–Lagrangian algorithms, the interphase coupling
terms for the continuous-phase equations can be computed using
a particle trajectory approach or a particle distributionapproach. In
the particle trajectory approach, the coupling terms are computed
from the knowledge of the trajectories for representative particles
and their attributes at the intersection of the trajectories with the
Eulerian cell boundaries. In the particle distribution approach, the
coupling terms are computed from the instantaneousdistributionof
the particles in the computational domain. The trajectory approach
has been employed, for example, by Crowe et al.9 and Gosman and
Ioannides,10 and the particle distributionapproachhas been utilized
by Dukowicz11 and Sabnis et al.12 In the algorithms based on the
trajectory approach, the integration of the Lagrangian equation of
motion for representative particles is carried out starting from the
injection location until the particle either leaves the computational
domainor evaporatesto a negligiblesize.During this interaction,the
continuous-phase� ow� eld is held frozen. The interphase coupling
terms for the continuous-phase conservation equations are com-
puted for every Eulerian cell from the net in� ux of the appropriate
dependentvariable into the Euleriancell, due to all trajectoriesinter-
secting the particularEuleriancell. For example, the source term for
the continuity equation is obtained as the total mass of the discrete
phaseentering the cell along all trajectoriesminus the total discrete-
phasemass leavingthe cell alongall trajectories.The couplingterms
thus computed are used to calculate the continuous-phase� ow� eld
that can then be used to reevaluate the trajectories and the source
terms. This iterative process is continued until the desired level
of convergence is achieved. These algorithms are, thus, inherently
unsuitable for transient calculations,and furthermore, the global it-
eration procedure used can require substantial computer time. In
the particle distributionapproach, such as that used by Dukowicz11

and Sabnis et al.,12 the source terms are computed from the in-
stantaneous interactionbetween the continuousphase and all of the
particles in the particular Eulerian cell. Thus, the source term for
the continuous-phasecontinuity equation, for example, is given by
the sum of evaporation rates for all of the droplets in the cell. The
calculation procedure consists of updating the particle distribution
through one time step followed by updating the continuous-phase
� ow� eld through one time step. In general, it is not necessary that
the time step used to integrate the particle motion and that used in
updatingthecontinuous-phase� ow� eldbe equal.However,by mak-
ing the two time steps equal, the particle distributionalgorithmscan
be used for simulationof transientphenomena.If only a steady-state
solution is desired, then the two time steps can be made unequal,
and matrix preconditioningtechniquescan be used for convergence
acceleration.

The reacting multiphase � ow in the solid rocket chamber can be
effectively treated as consistingof a continuousphase composed of
the productsof combustionfrom thebinder, the ammoniumperchlo-
rate (AP), and reacted aluminum, and a discrete phase composedof
particles containingaluminumand Al2O3. The governingequations
for suchananalysiswere formulatedby Sabniset al.13 andappliedto
simulate the multiphase reacting � ow in a solid rocket motor with a
metalized propellant.The details of this analysis and its application
to a test case are discussed.
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Analysis and Governing Equations
As discussedearlier, the physics of metalizedpropellantcombus-

tion includes diffusion transfer controlled combustion of agglomer-
atesas well as gas-phasereactions.The kinetic timescalesassociated
with the reactions in the continuous phase, however, are likely to
be small compared to the � uid dynamic timescales in the chamber.
The continuous-phase chemistry can, therefore, be treated using
chemical equilibrium. Empirical correlations can be used to simu-
late thediffusioncontrolleddistributedcombustionof the aluminum
droplets and chemical equilibrium to simulate the gas-phase chem-
istry in modeling the solid rocket internal � ow. Combustion of alu-
minum also results in a bimodal distribution of Al2O3 particulates
in the motor chamber, small-sized particles that are on the order
1.5 ¹m (frequently called the smoke) and larger-sized particulates
that are on the order 100 ¹m (frequently called the caps).

The � ow� eld in the combustionchamber can be modeled as con-
sisting of two “phases”: a continuous phase consisting of the com-
bustion products from AP, the binder, as well as reacted aluminum,
and a discretephaseconsistingof the aluminumdropletswith Al2O3

caps. The continuous phase in this model includes Al2O3 smoke,
that is, small-sized droplets/particulates, and the discrete phase in-
cludes larger-sized agglomerates consisting of aluminum as well
as Al2O3 . The distinction between the continuous and the discrete
phases is based on the approach used to simulate the dynamics of
the respective phase rather than the thermodynamic phase, that is,
solid, liquid, or gas. The choice of the approachused to simulate the
dynamics does dependon the speci� c problemunder consideration,
and hence, the analysishas been kept generalenough to provide this
� exibility. For example, if coalescence of micrometer-sized parti-
cles with the larger particles were to be studied, it would not be
possible to include the micrometer-sized particles as a part of the
continuous phase, and both types of particulates would be treated
as a part of the discretephase. Because the objective of this analysis
is to simulate the distributed combustion of aluminum, the Al2O3

smoke particles (which are in equilibrium with the gas) are consid-
ered a part of the continuous phase. Combustion of the aluminum
in the discrete phase consistingof larger sized agglomerates results
in mass addition to the continuousphase, whereas surface oxidation
and capture of Al2O3 smoke by the droplets results in mass deple-
tion from the continuous phase. Both of these effects are modeled
using empirical correlations, and the net sum represents interphase
mass transfer.

The CELMINT code that incorporates the analysis discussed
herein solves the ensemble-averagedNavier–Stokes equations with
droplet mass, momentum, and energy interchangesource terms de-
termined from the Lagrangian droplet transport calculation. The
governing Eulerian equations are written in a general nonorthogo-
nal, body-� tted coordinate system. The equations to be solved are
continuity, momentum conservation, energy conservation, species
transport, and turbulence model equations. The turbulence model
used in the present calculations is the transitional two-equation
(k–") model of Jones and Launder,14 along with the modi� cations
discussed by Sabnis et al.15 for injection-driven � ows. The vector
form of the equationswith the dropletmass, momentum, and energy
interchange terms is presented next.

Continuous-Phase Analysis

The global mass, momentum, and energy conservationequations
for the continuousphase can be written as

@.®½/

@t
C r ¢ .®½U/ D mv (1)

@.®½U/

@ t
C r ¢ .®½UU/ D ¡r.®p/ C r ¢ .®¿/ C mvUp C FD (2)

@.®½h/
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C r ¢ .®½Uh/ D ®

D p

Dt
C ®8 ¡ r ¢ .®q/ C qv

¡ Up ¢ FD C mv

³
hv C 1

2
UR ¢ UR

´
(3)

where mv is the rate of mass addition per unit volume due to inter-
phasemassexchange,UP is theparticlevelocity,¿ is the stress tensor
(molecular and turbulent),qv is the rate of heat transfer per unit vol-
ume to the continuousphase,UR is the velocityof continuousphase
relative to the discrete phase, and hv is the vapor enthalpy for the
discrete phase. Note that all of the discrete-phasesource terms, that
is, mv , mvUp , FD , qv , etc., and the void fraction ® in the preceding
equations are computed for each computational cell by summation
of the appropriate quantities over all of the computational particles
within the cell. The mixture enthalpy h is de� ned as

h D
nX

i D 1

Y s
i hi (4)

where Y s
i is the mass fractionof species i , n is the numberof species,

and hi is the enthalpy of species i , which can be evaluated from the
polynomial

hi D h0
i C

5X

j D 1

ai j T
j (5)

The heat � ux vector q is given by

q D ¡·rT C
nX

i D 1

h i ½ Di rY s
i (6)

The second term in the expressionfor the heat � ux vector represents
the interdiffusional energy � ux. This expression can be simpli� ed
signi� cantlyif the laminarand turbulentLewis numbersare assumed
to be unity, to yield

q D ¡.¹`=Pr` C ¹T =PrT /rh (7)

The governing equations for the species transport can be written as

@
¡
½Y s
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¢
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C r ¢

¡
½UY s

i

¢
D r ¢

¡
½ Di rY s

i

¢
C wi C mvi

i D 1; 2; : : : ; n (8)

where Di and wi are the diffusioncoef� cient and the rate of produc-
tion due to chemical reaction, respectively, for species i , and mvi

is the rate of mass addition for species i (per unit volume) due to
interphase mass exchange. Note that designating Al and Al2O3 as
species 1 and 2, respectively, yields mvi ´ 0 for i > 2 because the
discrete phase is assumed to consist of Al and Al2O3 only.

The number of species present in the combustion chamber can
be quite large, even if the species present in trace quantities are to
be neglected. Thus, the computational effort required to solve the
speciesequationscan be formidable.Hence, the present formulation
has used the Shvab–Zeldovich transformationas follows. The mass
fraction of element k in species i is de� ned as ®ki so that

X̀

k D 1

®ki D 1 (9)

where ` is number of elements, and

nX

i D 1

®ki Y
s
i D Yk

is the mass fraction of element k in gas. Note that because the
chemical reactions do not result in production or destruction of
elements,

nX

i D 1

®ki wi D 0 (10)

Furthermore, designating aluminum and oxygen as elements 1 and
2, respectively, results in ®11 D 1, ®12 D 27

51 , ®21 D 0, and ®22 D 24
51 ,
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whereas ®k1 ´ ®k2 ´ 0 for k > 2. If the diffusivities Di for species
are assumed to be equal, the n species transport equations can be
reduced to the following elemental transport equations for the `
elements:

@.½Yk /

@t
C r ¢ .½UYk / D r ¢ .½ DrYk / C

X

i

®ki mvi ;

k D 1; 2; : : : ; ` (11)

Note that fork > 2, theelementaltransportequationsdonothaveany
source terms. Thus, the elemental transport equations for elements
3–` are self-similar.Because the global continuityequation is being
solved,one equationfrom theelementaltransportequationsneednot
be solved, and it is convenientto select the self-similarequationsfor
this purpose. Thus, only two equations for the elemental transport
have to be solved. Also, if the rate of accumulation of Al2O3 in
the particle were proportional to the combustion rate, that is, mv1

and mv2 were to be proportional to each other, only one elemental
transport equation would have to be solved.

The governing equations discussed can be used to compute the
thermodynamic state and the elemental composition of the contin-
uous phase. Because the reaction rates in the continuous phase are
assumed to be rapid, the chemical composition of the mixture can
be obtained from chemicalequilibriumcalculations.If the chemical
equilibrium calculations were to be carried out at every grid point
for every time step, the computational effort could be very signi� -
cant.Hence, tabulardata for the gas-phasecompositionas a function
of the elemental aluminum mass fraction in the continuous phase
and the continuous-phaseenthalpycan be generatedusinga suitable
chemical equilibriumcode, such as the CET86 code of Gordon and
McBride.16 These tables can be used with an interpolation scheme
to determine the chemical compositionof the continuousphase cor-
responding to the enthalpy and aluminum mass fraction at every
grid point during the calculations.

The conservation equations discussed above are solved using a
consistentlysplit, linearizedblock-implicit(LBI) numericalscheme
developed by Briley and McDonald.17 The LBI scheme for scalar
convection and diffusion in two space dimensions does not suf-
fer from a stability restriction that relates the temporal step to the
spatial mesh size. This is an important advantage, apparently re-
tained for the present system of equations, in view of the existence
of high characteristic velocities and the need to use locally re� ned
meshesfor accuratesolutionof the � ow� eld equationsin the regions
of sharp velocity, temperature, or species concentration gradients.
The solution procedure treats the nonlinearities noniteratively by
Taylor series linearization in time and then splitting the matrix into
a sequence of easily solved block-bandedsubsystems. The solution
procedure is, thus, computationally ef� cient. The LBI algorithm
has been found to be rapidly convergent and conditionally stable in
three dimensions for nonperiodicin� ow and out� ow boundarycon-
ditions.Details of the stabilityand convergencerate of the algorithm
have been discussed by Briley et al.18

The boundary conditions to be used with the continuous-phase
governing equations are as follows. The head end and the nozzle
walls are considered adiabatic and chemically inert. Hence, the ve-
locity components and the normal derivatives of enthalpy and the
elemental mass fractions at these walls are set to zero. The noz-
zle exit boundary is a supersonic out� ow boundary (except in the
boundary layer), and hence, all of the dependent variables at this
boundary are linearly extrapolated. At the propellant surface, the
continuous-phasemass � ux is determined from the propellant burn
rate, and the temperature is determined by the adiabatic � ame tem-
perature for the propellant formulation. Note that the continuous-
phase mass � ux must be corrected to account for the discrete-phase
mass � ux to be used in the discrete-phase analysis, and similarly
the adiabatic � ame temperature calculations must also account for
the energy required to melt the corresponding mass of aluminum
and raise it to the � ame temperature.The elemental compositionof
the continuous phase at the propellant surface is also determined
from the propellant composition and the assumption regarding the

fraction of aluminum to be included in the continuous phase at the
propellant surface.

Discrete-Phase Analysis

The interphase source terms in the continuous-phasegoverning
equations [Eqs. (1–3)] are obtained from the discrete-phase analy-
sis, which uses a Lagrangiandescriptionfor the motion of computa-
tional particles. Each computationalparticle represents a collection
of physical particles that have the same attributes (such as spatial
location, velocity, mass, size, composition, temperature, etc.). This
representation of a group of physical particles by a computational
particle is similar to the representation of a group of molecules by
a computational particle in direct simulation Monte Carlo methods
(cf., Bird19).

The equation of motion for a particle can be written in the form

d2X
dt 2

D F
m

(12)

where X is the position vector of the particle and m is the particle
mass. In general, F contains “body” forces, such as those due to
gravity or electromagnetic� elds, and the force acted on the particle
by the � uid, FD . Integration of Eq. (12) yields

dX
dt

D
Z t

t0

F
m

d¿ C dX
dt

­­­­
t0

(13)

At this stage, a coordinatetransformationY D Y.X/ is introduced
to transform the equation of motion into the computational coordi-
nate spacecorrespondingto the Eulerian analysisfor the continuous
phase, that is,

y j D y j .x1; x2; x3/ (14)

where y j are the computationalcoordinates (the components of Y )
used in the Eulerian analysis of the continuum phase and xi are the
physical coordinates (the components of X ). Let J be the inverse of
the transformationmatrix, that is, let J be the matrix with elements
Ji j , where

Ji j D @yi

@x j

Then,

dY
dt

D J
dX
dt

(15)

Substituting Eq. (15) into Eq. (13) yields

dY
dt

D J

Z t

t0

F
m

d¿ C J
dX
dt

­­­­
t0

(16)

Integrationof the precedingequationallows trackingof the parti-
cle motion in computationalcoordinatespace. This approachoffers
some very signi� cant advantages. Because the motion of the parti-
cle is tracked in the computational coordinate space, no searching
is needed to determinewhich Eulerian grid point will be affectedby
a particular particle via the source terms. Also, tracking the motion
in the computational space allows the estimate of the time taken
by the particle to cross the boundaries of the Eulerian cell where it
currently resides. This estimate is used in the selection of subtime
steps (described later) used in integrating the equation of motion.
Similarly, the search for boundaries is simpli� ed, making it easier
to determine whether a particle has reached a solid boundary and
should be re� ected, or a particle has left the computationaldomain
and should be omitted. This latter advantageis of major importance
when the number of boundaries is large.

In the CELMINT formulation, the time step for the particle mo-
tion,1t p , is not necessarily the same as the time step 1te used in the
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Eulerianequations,and this featurecan beused to accelerateconver-
gencefor steady� ow problems.For transient� owproblems,caution
must be exercised to ensure consistency between the discrete- and
continuous-phaseequations.The time step 1tp is de� ned as a spec-
i� ed fraction of the characteristic evaporation time of the system,
that is, the time for all of the particulate mass in the system to be
replaced. During the time period 1tp , particles are moved through
the domain by integrating their Lagrangian equations of motion us-
ing a sequence of subtime steps 1ts , during which the gas-phase
� ow propertiesare assumed known from the previousEulerian time
step calculation.The subtime steps are chosen as the minimum time
for the particle to cross the nearest Eulerian cell boundary and a
kinematic timescale de� ned as a fraction, for example, 0.1, of the
ratio of particle velocity to acceleration.Note that for accuracy, the
maximum allowable subtime step could be signi� cantly different
for different particles depending on their location, mass, etc. The
subtime step approach has been adopted to provide an accurate rep-
resentationof the particlemotion becauseat the end of each subtime
step the drag force, evaporation rate, and heat transfer are updated
using the latest particle attributes as well as the continuous-phase
values corresponding to the new particle locations.

Injection Modeling

The injectionprocess is simulatedby introducinga predetermined
number of pulses of new computational particles at the appropri-
ate locations during the period 1tp . The injected particles are then
moved through the computationaldomain using a sequence of sub-
time steps until the end of the time period 1tp is reached. The total
mass � ow rate of the discrete phase is normally known and is used
in computing the particulate mass injected during each pulse. The
propellantburnrateand the mass fractionof aluminumin the propel-
lant determine the mass � ow rate of the particulatesfor the injection
process. The size of the injected droplets is computed stochasti-
cally using a log-normal size distribution with a speci� ed mean
and standard deviation, which is then used to compute the statisti-
cal weight associated with, that is, the number of physical particles
represented by, the computational particle. The particle size distri-
bution in solid rockets has been the subject of previous studies due
to its importance on slag formation, etc. Salita20 has analyzed data
from three aluminizedpropellantsand found the size distributionto
be log-normaland bimodal. Typical values of the mass-mean diam-
eter were about 1.5 ¹m for the micrometer-sized smoke and about
100 ¹m for the larger particles with log10 standard deviation being
0.2. The micrometer-sizedparticles accounted for as much as 80%
of Al2O3 mass.

The particles are injected normal to the propellant surface with a
speci� ed velocity. In the calculations of Sabnis et al.,13 the particle
injection velocity was assumed to be 1% of the gas velocity at the
propellant surface. Madabhushi et al.4 have studied the sensitivity
of the particle dynamics to the injection velocity by varying the
injectionvelocitybetween1 and 25% of the gas velocity.The results
of their study show the particle dynamics to be insensitive to the
injection velocity.

Interphase Drag and Heat Transfer Models

Models for interphase exchange rates of mass, momentum, and
energyare needed in evaluationof the source terms in the governing
equationsfor thecontinuousphase,aswell as in the integrationof the
equations of particle motion. The CELMINT code maintains these
models in a modular form, and they can be readily replaced. This
approach makes it possible to incorporate models best suited to the
physicalproblemsunder consideration.In the calculationsof Sabnis
et al.,13 the total force on the particle consisted of the drag force.
This drag force on the particle and the rate of heat transfer to the
particlecan be evaluatedvia commonlyused empiricalcorrelations.
Speci� cally, the drag force FD on a particle can be computed from

FD D 1
8
CD½¼ D2

pjUR jUR (17)

where Dp is the particle diameter and the drag coef� cient CD is
given by21

CD D .24=ReP /
¡
1 C 0:15Re0:687

p

¢
; Re p < 1000

CD D 0:438; Re p ¸ 1000 (18)

Here the particle Reynolds number Rep is given by

Re p D ½UR Dp=¹ (19)

The heat transfer rate to the particle can be computed from

qp D Nu p¼ Dp·.T ¡ Tp/ (20)

where · is the thermal conductivity of the continuous phase, Tp is
the particle temperature, and the Nusselt number Nup is related to
the Reynolds number Re p and Prandtl number Pr by22

Nu p D 2:0 C 0:6Re0:5
p Pr 0:687; Rep · 278:92

Nu p D 0:37Re0:6
p ; Re p > 278:92 (21)

Droplet Combustion Model

A dropletcombustionmodel is necessaryto evaluatemv1 andmv2.
A modi� ed form of the correlationprovidedby Hermsen23 has been
used to evaluate the aluminum combustion rate for the droplets. It
is further assumed that a speci� ed fraction of the reacted aluminum
results in formation of Al2O3 on the surface and is captured in the
particle. Thus, the rate of depletion of Al2O3 from the continuous
phase is proportional to the rate of aluminum mass addition. This
assumption results in the two elemental transport equations being
proportionaltoeachotherandonlyoneneedbe solved.The Hermsen
correlation includes a correction factor Rk to account for augmen-
tation of the combustion rate due to inter-phase slip, etc. Such an
approach is necessarywith a globalmodel to match the burningtime
data inferred from test motor � rings. However, with the Eulerian–
Lagrangiananalysis, the local environmentof each droplet is known
and, hence, can be used in evaluating the burning rate. Because the
combustionof thedropletsis assumedto bemass transfercontrolled,
the augmentation of the combustion rate would be a direct conse-
quence of the increased mass transfer due to relative � ow. Hence,
an empirical correlation that relates the Sherwood number to the
Reynolds number can be directly used to evaluate the burning rate
augmentation. A similar approach has been utilized previously by
King24 along with simpli� ed � ow� eld analyses for calculation of
metal combustion ef� ciency in nozzleless solid rocket motors. In
the present approach, the Hermsen23 correlation is rewritten as

d.mAl/

dt
D ¡¼

2
½Al

k

n
D3 ¡ n

p (22)

where the exponent n is 1.8, ½Al is the density of aluminum, and the
burning rate constant k (cm1:8/s) in Eq. (22) is computed from

k D 8:3314 £ 10¡5 ¢ A0:9
k ¢ p0:27

c ¢ Sh=2 (23)

where pc is the chamber pressure (poundsper square inch absolute),
Sh is the Sherwood number based on particle diameter, and Ak is
a measure of the availability of oxidizing species and is computed
using

Ak D 100
X

i

X i ; i D CO2; H2O; O2; OH; O (24)

The Sherwoodnumber can be computedusing empirical correlation
relating it to the Reynolds number, that is, Eq. (21) with Nusselt
number Nu replaced by Sherwood number.

Droplet Breakup and Coalescence Models

The liquid droplets in a solid rocket motor undergo size changes
due to breakupand coalescencein additionto combustion.This phe-
nomenonis accountedfor in the presentmethodologyby incorporat-
ing models to simulate the breakup and coalescenceprocesses.The
droplet breakup is caused by the shear force exerted on the droplet
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by the continuous phase moving relative to the droplet. The force
preventing the droplet breakup is provided by the surface tension
effect. Hunter et al.25 have recommended a critical Weber number
criterion for determining when droplet breakup occurs along with
an empirical fragmentationfactor.The methodologyof Hunter et al.
was based on the work of Bartlett and Delaney26 and several other
authors, and the interested reader is referred to Hunter et al.25 for
additional details and references. The model essentially states that
the maximum droplet radius is controlledby a balance between the
aerodynamic viscous force and the surface tension force acting on
the droplet. The drag/surface tension relation is written as a critical
Weber number condition, that is,

Wec D
½jUR j2 Dp

¾p
D 4

CD
(25)

where ¾p is the particlesurfacetension.The factorof four in Eq. (25)
has been used to correct for the nonspherical drop shape, which is
knownto existbeforebreakup.As notedbyHunteretal.,25 Eq. (25) is
consistentwith the commonly recommendedcritical Weber number
of order 10 when CD is 0.4. The fragmentation factor is the radius
ratio before/after breakup, that is,

8 D
»

average mass before breakup

average mass after breakup

¼ 1
3

(26)

The code uses a default value of two for the fragmentation factor.
A limitednumberof runshas been carriedoutwith largervaluesof8
(up to 10), and the results of these runs indicate that the particle size
distributionat the nozzle exit does not appear to depend stronglyon
the value of 8. A larger value of 8 results in fewer breakup events
for particles, whereas a smaller value of 8 results in the particle
undergoing several more breakup events. Because the breakup of
the droplets takes place in a fairly narrow region in the nozzle, the
breakup history does not play a signi� cant role.

The coalescence of the Al2O3 caps due to particle collisionswill
result in some growth in the agglomerate size in the motor. Mod-
eling this phenomenon is dif� cult computationally if large particle
collisions have to be treated. However, the available evidence in
a rocket motor27 indicates that the large-particle coalescence ef� -
ciency associated with large-particle collisions is only about 5%,
whereas the collision of micrometer-size Al2O3 smoke particles
with the larger agglomerates results in nearly 100% coalescence.
Therefore, the current droplet coalescencemodel does not take into
account large-particle collisions. Coalescence due to the collision
of smoke particles (which are considered as part of the continuous
phase for kinematic purposes) is simulatedusing a simple sweeping
model, in which a certain fraction of smoke particles that � ow past
a large droplet are assumed to collide and stick to the droplet. The
so-called collection ef� ciency for spherical particles was originally
correlatedby Hunter et al.25 and subsequentlycorrectedby Salita.27

This collection ef� ciency factor ´c is given by

´c D
St1:2595

p

1:2615 C St1:2595
p

(27)

where the Stokes number Stp for the particle is given by

St p D
½s D2

s jUR j
9¹l Dp

(28)

where ½s is the smoke density, Ds is the smoke particle diameter,
UR is relative velocity between the continuous and discrete phases,
¹l is the molecular (laminar) viscosity, and Dp is the large-particle
diameter.

The mass rate of production of Al2O3 in the discrete phase due
to coalescence may then be written as

d
¡
mAl2O3

¢
coa

dt
D ¼ R2

p½jUR jY s
Al2O3

´c (29)

where Y s
Al2O3

is themass fractionof Al2O3 (smoke) in the continuous
phase,which is equal to YAl=®12. YAl is the mass fractionof elemental

aluminum in the continuousphase, whereas ®12 is the mass fraction
of elemental Al in Al2O3 [see discussion relating to Eq. (9)].

Discrete-Phase Turbulent Dispersion

In two-phase � ows, the continuous-phase turbulence results in
dispersion of the discrete phase. This process has been modeled
by some researchers28 by adding a diffusion velocity obtained from
some phenomenologicalmodel to theparticlevelocity.In the present
analysis, this effect is modeled by evaluatingthe � uid forceon a par-
ticle using an instantaneous continuous-phasevelocity � eld rather
than a mean velocity � eld. The instantaneousvelocity components
were obtained by adding stochastically generated turbulent veloc-
ity components to the mean velocity � eld for the continuousphase.
If the continuous-phase turbulence is assumed to be isotropic and
the random turbulent velocity components are assumed to have a
Gaussian probability distribution, then the standard deviation for
the distribution can be shown to be .2k=3/1=2 , where k is the turbu-
lent kinetic energy.The random turbulentvelocity componentscan,
thus, be obtained by sampling a suitable random number.

This technique offers a way to treat the effect of continuous-
phase turbulenceon the discrete-phasedispersionin a manner that is
less empirical than the techniques traditionallyused with Eulerian–
Eulerian analyses. Similar techniques for modeling the discrete
phase turbulentdispersionhave been used by, for example, Gosman
and Ioannides,10 Dukowicz,11 and Hotchkiss.29

Application and Results
The CELMINT code incorporating the discussed analysis was

used by Sabnis et al.13 to simulate the internal � ow in a cylindri-
cal port solid rocket motor. The geometry was similar to the super
Ballistics Test (BATES) motor at the initial grain con� guration.
The propellant used in these demonstration calculations contained
15% aluminum by weight. Figure 1 shows a schematic of the motor
geometry, and the propellant data are listed in Table 1. The compu-
tational grid used in these calculations consisted of 60 grid points
distributedalong the radial direction and 140 grid points distributed
along the motor axis. Appropriate near-wall resolution was used to
properly resolve the � ow gradients at the walls. Figure 2 shows the
computationaldomain and the grid.

The calculations were initiated by specifying the continuous-
phase mass � ux at the grain surface to match the propellant burn
rate and setting the continuous-phasetemperature at the propellant
surface equal to the � ame temperature. To assess the effect of the

Table 1 Propellant data

Property Value

Composition
AP 71.00%
Binder (HTPB) 14.00%
AL 15.00%

Density 1794.6 kg/m3

Burn rate 9:0678£ 10¡3 m/s

Fig. 1 Schematic of motor geometry.

Fig. 2 Computationaldomain and grid.
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distributed combustion on the � ow� eld, the calculations were per-
formed with and without the distributed combustion model. The
calculations with a surface combustion model assume complete
combustion of the AP/binder and aluminum at the propellant sur-
face. Chemical equilibrium calculationsprovide an adiabatic � ame
temperatureof 3435.6K for these conditions.The continuous-phase
mass � ux speci� ed for these calculations included the aluminum
mass and was adjusted to remove the mass corresponding to the
caps. Following the data reported by Salita,20 it was assumed that
20% of the aluminumin the propellantresults in formationof Al2O3

caps due to surface oxidation, etc., whereas 80% Al2O3 was con-
sidered to be part of the continuous phase in the form of smoke.

For the distributed combustion calculations, it was assumed that
none of the aluminum in the propellant reacts at the propellant sur-
face. Hence, the speci� ed continuous-phase mass � ux was com-
puted by excluding the aluminum mass from the propellant, and
the aluminum mass fraction in the gas at the propellant surface was
set to 0.0. All of the aluminum mass was injected in the form of
droplets in the discrete phase. The temperature of the gas injected
at the propellant surface was set to the adiabatic � ame temperature
for the propellant formulation exclusive of the aluminum. The heat
required to melt the aluminum and raise it to the � ame temperature
was appropriately accounted for in the � ame temperature calcula-
tions. The resulting � ame temperature was 2592.5 K. Note that the
assumptionthatnoaluminumin thepropellantreactsat the surface is
not inherent to the formulationdiscussedhere.This assumptionwas
made in these calculations in the absence of any other information.
If better information is availableabout what part of the aluminumin
the propellant reacts at the surface, calculations can be performed
with that information equally easily.

The code was run in the single-phase mode, that is, continu-
ous phase only neglecting the effect of particulate phase, to es-
tablish the � ow� eld corresponding to propellant combustion ex-
clusive of the aluminum. Subsequently, the injection of aluminum
droplets at the propellant surface was initiated. The injected parti-
cles undergo combustion in accordance with the empirical model,
thereby increasing the aluminum mass fraction in the continu-
ous phase. The calculations have also assumed that 20% of the
reacted aluminum is allocated to the discrete phase in the form
of Al2O3 caps. Thus, the fractional mass of Al2O3 in the parti-
cles increases as the particle undergoes combustion. The discrete-
phase analysis treats the composition of the particle as one of
its attributes and, hence, can easily accommodate the composi-
tion change. Allocation of 20% Al2O3 to the discrete phase im-
plies that 102/54 £ 0.2 £ 15% of the propellant mass would be al-
located to discrete phase on complete combustion of aluminum.
Thus, completecombustionof the aluminumin the propellantwould
result in continuous-phase elemental aluminum mass fraction be-
ing 0.8£ 15%/(100¡ 102/54£ 0.2 £ 15) D 12.72%,most of which
would be in the form of Al2O3 smoke in the continuous phase.

The results of the computationsperformed with the surface com-
bustion assumption are compared with the results obtained using
the distributedcombustionmodel in Figs. 3–6. A comparison of the
pressure contours obtained from the two calculations is presented
in Fig. 3, which shows no signi� cant differences. The temperature
� eld predicted by the two calculations, however, are signi� cantly
different, as can be seen from Fig. 4. The surface combustionmodel
predicts the temperature in the chamber to be fairly uniform at a
value correspondingto the adiabatic � ame temperature for this case

Fig. 3 Pressure contours: Pmax = 6.6 MPa, Pmin = 0.4 MPa, and
¢P = 0.2 MPa.

Fig. 4 Temperature contours: Tmax = 3750 K, Tmin = 2350 K, and
¢T = 100 K.

Fig. 5 Aluminum mass fraction contours: Ymax = 17.0%, Ymin =
0.0% MPa, and ¢Y = 1.0% MPa.

Fig. 6 Density contours: ½max = 7.7 kg/m3, ½min = 0.3 kg/m3 , and
¢½ = 0.2 kg/m3 .

(3435.6K). The distributedcombustioncalculations,however, show
the chamber temperature to be quite nonuniform. The temperature
at the propellant surface is 2592.5 K (the AP/binder � ame temper-
ature) and rises to about 3550 K in the core due to combustion of
aluminum. As can be seen, the thermal boundary layer associated
with this rise is approximately 20% of the chamber radius. There
are indications that in the head end region the temperature is even
higher. This is because the low velocities in this region do not allow
the burning particles to be swept out and, hence, can result in local
hot spots where some particles are present.These hot spots can also
be observed in Fig. 5, where the contours of elemental aluminum
mass fractionin thecontinuousphasehavebeenplotted.The trapped
particles result in the local elemental aluminum mass fraction ex-
ceeding 17% in this region. The elemental aluminum mass fraction
in the core region of the chamber is about 14.0%. However, the
mixing of the core � ow with the gas near the propellant surface
results in the elemental aluminum mass fraction near the nozzle
exit being about 12.0%, indicating that only about 94.3%, (that is,
12/12.72£ 100%) of the aluminum undergoes combustion in this
motor. The continuous temperature at the nozzle exit is also seen to
be about 100 K lower for the calculations performed using the dis-
tributed combustion model (compared with the surface combustion
model calculations).This is consistentwith reduced heat release in
the motor chamber due to incomplete aluminum combustion.

The distributed combustion of aluminum also affects the
continuous-phase density, and this effect can be seen in Fig. 6.
The surface combustion assumption results in the gas density in
the motor chamber being fairly uniform(approximately6.0 kg/m3),
whereas the distributed combustion model results show the gas-
phase density at the propellant surface being approximately
7.7 kg/m3 and dropping to about 5.8 kg/m3 in the core region due
to the temperature rise caused by distributed combustion.

Following the coupled calculations to simulate the � ow� eld, iso-
lated trajectorycalculationswere performed for particles injectedat
representative locations from the propellant surface. The trajectory
calculations can be performed by specifying a large value for the
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Lagrangian time step 1tp so that the injectedparticle exits the com-
putationaldomain.Thesecalculationsprovideinformationabout the
particle residence time, the burn-up time, etc., for particles injected
at various locations and a speci� ed size. The results of these cal-
culations indicate that the initial size of the injected particles has
signi� cant effect on aluminum combustion ef� ciency.

Summary
A two-phase, distributed combustion model to simulate the in-

ternal � ow in solid rocket motors with metalized propellants is dis-
cussed. A Lagrangian analysis is used in this approach to simulate
the discretephase consistingof Al/Al2O3 particles.The combustion
rate of theseparticlesis assumed to be diffusioncontrolledand com-
puted using empirical models. The continuous phase, consisting of
combustion products from AP, binder, and the reacted aluminum,
is analyzed using an Eulerian description. The kinetic timescales
for reactions in the continuous phase are assumed to be very small,
and tables generatedusing chemical equilibriumanalysishave been
used to reduce computational effort. The analysis incorporates full
coupling between the two phases for mass, momentum, and energy
exchange.The Eulerian–Lagrangianapproachpresentedcan also be
easily adopted to study other signi� cant phenomena in solid rocket
motors, such as radiation effects and particle size changes due to
agglomeration and breakup. Future research efforts should be di-
rected in this direction because these effects can signi� cantly affect
the combustion process.

The results of the calculationsdemonstrate the ability of the anal-
ysis to simulate realisticallythe distributedcombustionof aluminum
in solid rocket motors. The calculations conducted with a propel-
lant containing 15% aluminum indicate that the gas composition
changes from its initial state (corresponding to AP/binder � ame)
to the � nal state (corresponding to peak elemental aluminum mass
fraction) over an extended combustion region in the chamber. The
chamber � ow� eld is not isothermal, as would be predicted if all of
the aluminum were assumed to burn at the surface. Representative
trajectory calculations were also performed, which provide useful
information about the residenceand burn-up times for selected par-
ticle sizes and injection locations.

The analysis discussed provides a more sophisticated tool for
solid rocket internal � ow predictions. This would not replace the
simple and ef� cient correlations currently in use, but can be useful
in studyingapparentanomaliesand improvingthe correlations.This
analysis requires information regarding particle size distribution at
the propellantsurface, the fractionof metal that burns at the surface,
etc. Further experiments aimed at collecting these data would be
useful in validating the code. The code can also be used effectively
in planning experiments, as well as interpreting the results from
the experiments.
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